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In this paper the authors present a novel approach for the time-stepping simulation of electrical devices with pulse-width-
modulated (PWM) supply, based on so-called PWM basis functions which are periodic in time (at the switching frequency),
piecewise polynomial and duty-cycle dependent. The state variables of the device’s lumped-parameter circuit and/or finite element
model are expanded in terms of these basis functions, with slowly varying coefficients in time. This allows for a large PWM-
switching-frequency-independent time step and thus significant computational savings. By way of validation, the approach is applied
to a buck converter in continuous-conduction mode. For this particular application, the steady-state waveforms of the inductor
current and the output (capacitor) voltage are obtained through the resolution of a system of algebraic equations. As the set of
the PWM basis functions is enlarged (with increasing polynomial degree), the respective PWM ripple components are observed to
converge quickly to those obtained with plain time stepping (using a very small time step).
Index Terms—Circuit equations, time stepping, pulse width modulation, Galerkin method of weighted residuals, basis functions,
buck converter, finite element modelling.
I. INTRODUCTION
Pulse Width Modulation (PWM) is commonly used in
power electronics for controlling various types of converters
and applications (DC supplies, electrical drives, ...). The
PWM switching of the supply quantity, e.g. the voltage or
voltages in Voltage-Source Converters (VSCs), generates a
ripple in all other quantities (currents, voltages, torque, ...).
The amplitude of the ripple (at the switching frequency fs) is
kept small thanks to adequate passive filtering components (i.e.
inductances and capacitors) and a sufficiently high switching
frequency. The tendency is to further increase the latter given
the technological progress in the domain of semiconductor
power components and control electronics, allowing reducing
converter cost and size [1].
The transient time-domain (time-stepping) analysis of these
PWM converters and applications can be performed at three
different levels, depending on 1) the purpose of the analysis,
2) the level of detail of the component models required and
3) the time-step size. When the detailed switching behaviour
of the semiconductor components needs to be considered,
e.g. for snubber design, sufficiently fine models of these
components are required, combined with a very small time step
to capture the switching transients. At an intermediate level,
the semiconductor components are modelled in a very simple
or idealised way, so that the application can be studied in more
detail (e.g. using a finite element (FE) model), still with a time
step which is much smaller than the switching period [2]. A
further simplification consists in considering, e.g., the PWM
voltage(s) at the input terminals of the application. The power
electronic converter is thus not explicitly modelled, common
practice for studying e.g. inverter-fed electrical machines and
estimating the additional iron losses due to the PWM har-
monics [3][4]. In the latter application, the switching instants
are known a priori, what can be exploited for optimising the
time-stepping scheme [4].
More flexible methods could be used to deal with the
two time scales clearly present in PWM devices, i.e. the
slow variation at the fundamental supply frequency or due to
macroscopic transients versus the quick variation in the PWM
ripple. Co-simulation of coupled field/circuit problems consists
in using different and adapted time steps for each subproblem
together with a more or less complicated synchronization [5].
The method presented in this paper is straightforwardly
applicable in the particular case of a priori known PWM
voltage, which implies that some parasitic effects of the
converter are neglected (voltage drop across conducting power
electronic switches and diodes, dead time, ...). The PWM
ripple of the different state variables of the problem at hand is
then approximated by so-called PWM basis functions (BFs).
As the associated coefficients vary slowly in time, the resulting
system of ordinary differential equations (ODEs) can be solved
with a big switching-frequency-independent time step.
The method is applied to a simple test case, namely a buck
converter in continuous-conduction mode [6]; the circuit and
some results obtained by plain time stepping are presented in
section II. In section III, the PWM-BFs are introduced. The
new system of ODEs is derived in section IV by applying the
standard Galerkin method to the time dimension. This is in fact
an extension of the Harmonic Balance FE (HBFE) modelling
of electromagnetic devices and rotating machines proposed in
[7], [8]. In section V, results obtained for the steady-state DC
regime of the buck converter are presented. When increasing
the degree of the PWM-BFs (up to 8), excellent convergence
towards to the waveforms obtained with plain time stepping
(with a very small time step) is observed.
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II. TEST CASE: BUCK CONVERTER
Figure 1 shows the well-known buck converter circuit,
with DC voltage source at the input (constant DC voltage
Vi assumed), a switch (an IGBT e.g.), a diode, an inductor
(inductance L and resistance RL), a capacitor (capacitance
C), and a load resistance R connected to the output.
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Fig. 1. Buck converter with DC voltage source, switch and diode (imple-
mentation in MATLAB/Simulink using the SimPowerSystems toolbox)
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Fig. 2. Simplified buck converter circuit with PWM voltage at the input
(continuous-conduction mode only)
The switch is closed and opened at switching frequency fs
(switching period Ts = 1/fs), with duty cycle D (0 ≤ D ≤ 1).
Considering an ideal switch and an ideal diode (or a
simple static model, as in the SimPowerSystems toolbox of
MATLAB/Simulink), the circuit can be described by two state
variables, namely the current through the inductor, iL(t), and
the voltage across the capacitor, vC(t), the latter being the
output voltage of the buck converter as well.
Assuming further continuous-conduction mode (iL > 0 at
all times), the simplified circuit of Figure 2 can be considered.
Herein the voltage source at the input produces a PWM voltage
vi(t), equal to either 0 or Vi. As the switch and diode are
assumed ideal, we arrive at two first-order linear ODEs:￿
RL 1
−1 1/R
￿￿
iL
vC
￿
+
￿
L 0
0 C
￿
d
dt
￿
iL
vC
￿
=
￿
vi(t)
0
￿
. (1)
The following parameter values are adopted hereafter:
• Vi = 100V;
• fs = 500Hz or 5000Hz;
• D = 0.7;
• L = 1mH, RL = 10mΩ;
• C = 100µF;
• R = 0.8Ω.
The plain time-stepping resolution of (1) is carried out with
the ode23tb MATLAB solver. We start at t = 0 with zero
initial current and voltage and go till t = 25ms for reaching
steady-state regime with high accuracy (i.e. 12.5 and 125
PWM periods at 500 and 5000Hz, respectively).
Figure 3 shows the PWM input voltage vi(t), the voltage
across the capacitor vC(t) and the curr nt in the inductor iL(t)
versus time with fs = 500Hz. For obtaining a very accurate
reference solution, the relative tolerance of the ode23tb solver
is set to 10−6. This results in 46320 variable-size time steps,
or in average 3706 steps per PWM period.
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Fig. 3. PWM input voltage vi(t), voltage across the capacitor vC(t) and
current in the inductor iL(t) versus time with fs = 500Hz
The result with fs = 5000Hz is depicted in Figure 4.
The total number of time steps (same solver and tolerance)
is 124472, or in average 996 steps per PWM period. The
(peak-to-peak) current and voltage ripple is obviously much
smaller than in the 500Hz case, by roughly a factor 10 and
100, respectively.
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Fig. 4. Voltage across the capacitor vC(t) and current in inductor iL(t)
versus time with fs = 5000Hz
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III. ORTHONORMAL PWM BASIS FUNCTIONS
In the following the proposed method will be formally
developed considering a general circuit governed by a system
of Ns first-order linear ODEs:
AX(t) +B
dX
dt
= C(t) , (2)
where X is the vector (Ns × 1 matrix) of state variables
X(t) =

x1(t)
x2(t)
...
xNs(t)
 , (3)
A and B are constant Ns×Ns matrices, and C(t) is a Ns×1
matrix which depends on the PWM voltages (with parameters
fs and D).
All state variables are further assumed continuous (with
generally discontinuous time derivative as a result of the
switching); this determines the choice of the BFs.
Throughout this paper matrices are denoted by bold upper-
case letters. For those related to the PWM-BFs, introduced
below, bold calligraphic uppercase letters are adopted, namely
P , X j , X , Q, A, B, C.
Each state variable xj(t), 0 ≤ j ≤ Ns, is expanded in terms
of Np + 1 periodic BFs pk(t), 0 ≤ k ≤ Np, and associated
coefficients xj,k(t):
xj(t) =
Np￿
k=0
pk(t)xj,k(t) . (4)
The periodicity with period Ts = 1/fs, i.e. pk(t + Ts) =
pk(t), is easily accounted for by introducing the relative time
τ (0 ≤ τ ≤ 1):
τ =
t
Ts
modulo 1 . (5)
It is further assumed that the switching (closing/opening of
the switch) occurs at τ = 0 (or τ = 1) and τ = D respectively.
The BFs pk will from here on be expressed in terms of τ(t).
Their periodicity then reads:
pk(1) = pk(0) . (6)
The first BF (k = 0) is constant and allows to capture the
slow variation of the state variables (coefficients xj,0):
p0 = 1 . (7)
The terms in (4) with k > 0 constitute the PWM ripple
referred to as x˜j :
x˜j(t) =
Np￿
k=1
pk(t)xj,k(t) . (8)
The BFs pk(τ) used for approximating the PWM ripple,
with 1 ≤ k ≤ Np, are piecewise polynomial (of degree k) in
the two respective intervals ]0, D[ en ]D, 1[. The complete set
of Np + 1 BFs pk(τ) is further orthonormalised,￿ 1
0
pk(τ) pl(τ) dτ =
￿
1 if k = l
0 if k ￿= l (9)
as detailed below.
The piecewise linear BF p1(τ) defined as:
p1(τ) =
￿ √
3 2τ−DD if 0 ≤ τ ≤ D√
3 1+D−2τ1−D if D ≤ τ ≤ 1
(10)
varies between −√3 (at τ equal to 0 and 1) and √3 (at τ =
D), has zero average value and is normalised.
The BFs pk(τ), 2 ≤ k ≤ Np, are obtained recursively by
integrating pk−1(τ):
p￿k(τ) =
￿ τ
0
pk−1(τ ￿) dτ ￿ , (11)
thus ensuring C0 continuity, and next orthonormalising the
extended set of BFs by means of k + 1 factors nk and ok,l:
pk(τ) = nk p
￿
k(τ) +
k−1￿
l=0
ok,l pl(τ) . (12)
The thus defined orthonormal PWM-BFs p0(τ) till p8(τ)
are shown in Figure 5. Note that the PWM-BFs pk(τ) depend
on the duty cycle D but not on the switching frequency fs.
From (4) the time derivative of xj(t) is given by:
dxj
dt
=
Np￿
k=0
￿dpk
dτ
dτ
dt
xj,k(t) + pk(t)
dxj,k
dt
￿
, (13)
with
dτ
dt
=
1
Ts
= fs . (14)
The expansion of state variable xj(t) in terms of the Np+1
basis functions pk(τ) is written in matrix form as:
xj(t) = P￿(τ(t))X j(t) , (15)
where the (Np + 1) × 1 matrices P(τ) and X j(t) are given
by
P(τ) =

p0
p1(τ)
p2(τ)
...
pNp(τ)
 , X j =

xj,0(t)
xj,1(t)
xj,2(t)
...
xj,Np(t)
 , (16)
with, as a reminder, p0 = 1.
The time derivative of xj(t) reads:
dxj
dt
= fs
dP￿
dτ
X j(t) +P￿(τ) dX j
dt
. (17)
Note that in case of steady-state DC regime (at constant duty
cycle D), all X j’s are constant and the second term in the
right-hand side of (17) cancels.
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Fig. 5. PWM-BFs p0(τ) to p8(τ) for D = 0.7
In matrix form the orthonormality of the PWM-BFs can be
expressed as ￿ 1
0
P(τ)P￿(τ) dτ = I , (18)
where I is the (Np + 1)× (Np + 1) identity matrix.
Let us further introduce the following matrix:
Q =
￿ 1
0
P(τ) dP
￿
dτ
dτ . (19)
IV. STEADY-STATE EQUATIONS WITH PWM-BFS
Writing the Ns state variables xj(t) in terms of the Np+1
PWM-BFs pj,k(τ):
X(t) =
 x1(t)x2(t)...
 =
 P(τ)X 1(t)P(τ)X 2(t)...
 , (20)
a total of Nsp = Ns(Np + 1) state variables xj,k(t) results.
The latter vary slowly though, allowing a big time step. In
case of steady-state DC regime, as focused on in this paper for
the buck converter, the state variables xj,k are even constant
(and are to be obtained by solving a system of algebraic
equations).
The original system of Ns ODEs (2) is weakly enforced by
weighing them with each of the Np + 1 PMW-BFs pl(τ) in
an interval [t− Ts/2, t+ Ts/2]:￿ t+Ts/2
t−Ts/2
￿
AX(t)+B
dX
dt
−C(t)
￿
pl(τ(t)) dt = 0 , (21)
i.e. Galerkin’s method applied to the time dimension [7], [8].
Assembling all Nsp variables
X (t) =
 X 1(t)X 2(t)...
 , (22)
the system of Nsp ODEs from (21) can be written as
AX (t) +B dX
dt
= C(t) , (23)
with
A =
 A11I A12I . . .A21I A22I . . .... ... . . .
+ fs
 B11Q B12Q . . .B21Q B22Q . . .... ... . . .
 ,
(24)
B =
 B11 I B12 I . . .B21 I B22 I . . .... ... . . .
 , (25)
C(t) =
￿ t+Ts/2
t−Ts/2
 C1(t)P(τ(t))C2(t)P(τ(t))...
 dt . (26)
Note that the Nsp × Nsp matrix B is independent of the
switching frequency fs, whereasA depends on fs as it appears
explicitly in (24). The Nsp × 1 matrix C(t) depends on the
PWM source voltage (C1(t) = vi and C2 = 0 in case of the
buck converter).
In steady-state DC regime, X is constant and a system of
Nsp algebraic equations results:
AX = C . (27)
V. APPLICATION TO TEST CASE
We now apply the above presented PWM-BF approach to
the buck converter case described by the system of ODEs
(1), with the parameter values listed above and fs equal to
either 500Hz or 5000Hz. For each frequency, a very precise
reference solution is obtained (as detailed in section II), from
which a reference steady-state solution, denoted by xj,ref(τ),
is extracted (with x1 = iL and x2 = vC); subtraction of the
respective average values gives the PWM ripple component
denoted by x˜j,ref(τ). For the error analysis, the rms value of
the ripple component is considered:
x˜j,ref,rms =
￿￿ 1
0
x˜2j,ref(τ) dτ . (28)
As for the PWM-BF approach, Np is successively increased
from 1 up to 8, each case requiring the solution of a system
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Fig. 6. Steady-state iL(τ) at 500Hz
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Fig. 7. Steady-state vC(τ) at 500Hz
of Nsp, i.e. 4 up to 18, algebraic equations. The PWM-BF
solution is denoted by xj,Np , and its ripple component by
x˜j,Np .
The relative rms value of the error of the ripple component
of the PWM-BF solution is taken as global measure of
accuracy of the proposed approach:
εj,Np =
￿￿ 1
0
￿
x˜j,ref − x˜j,Np
￿2
dτ
x˜j,ref,rms
. (29)
Its value depends on the switching frequency fs, the state vari-
able (index j) and the degree Np of the PWM-BF expansion,
all other parameters kept constant.
The reference steady-state waveforms iL,ref(τ) and
vC,ref(τ) are shown in Figures 6 and 7 for fs = 500Hz,
together with PWM-BF solutions iL,Np(τ) and vC,Np(τ). The
PWM-BF approach with Np = 1 produces only the average
value of iL and vC; with Np = 2 the waveform of iL is already
quite close to the reference one, whereas for vC, Np should
be increased further for getting a similar accuracy.
The steady-state waveforms with fs = 5000Hz are depicted
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Fig. 8. Steady-state iL(τ) at 5000Hz
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Fig. 9. Steady-state vC(τ) at 5000Hz
in Figures 8 and 9. They are apparently closer to the ones
of the classical simplified theoretical analysis, i.e. piecewise
linear for iL and piecewise parabolic for vC [6]. As a conse-
quence, the solution obtained with the PWM-BFs converges
more quickly with increasing Np.
The excellent convergence of the PWM-BF solution ob-
served in Figures 6-9 is confirmed by the error curves shown
in Figures 10 and 11. In the latter figure, the (implementation-
dependent) round-off error becomes apparently preponderant
from Np = 6 on.
VI. CONCLUSION
The concept of the PWM-BF approach has been convinc-
ingly proved by means of a simple linear test case with one
constant duty cycle and looking at the steady-state DC regime.
The application scope can be straightforwardly extended,
considering next transient operation, a saturable inductor and
one or more variable (sinusoidal) duty cycles.
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